We show that whereas spin-1/2 one-dimensional U(1) quantum-link models (QLMs) are topologically trivial, when implemented in ladder-like lattices these models may present an intriguing ground-state phase diagram, which includes a symmetry protected topological (SPT) phase that may be readily revealed by analyzing long-range string spin correlations along the ladder legs. We propose a simple scheme for the realization of spin-1/2 U(1) QLMs based on single-component fermions loaded in an optical lattice with s-and p-bands, showing that the SPT phase may be experimentally realized by adiabatic preparation.
The realization of lattice gauge models using ultra cold gases has attracted a major theoretical attention in recent years [1] [2] [3] [4] . Various ideas for creating dynamical gauge fields have been proposed [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Recently the Schwinger model has been simulated in ion chains [18] . Particular interest has been devoted to quantum-link models (QLMs) [19] , which generalize lattice gauge theory [20] by realizing continuous gauge symmetries with discrete gauge variables (quantum links). QLMs are relevant in particle physics, and in particular QCD [21] , and in condensed matter physics [22, 23] . In U(1) QLMs, links are represented by quantum spins and fermions provide the matter field, making these QLMs particularly suitable for simulation with cold lattice gases.
In this Letter we study the topological properties of spin-1/2 U(1) QLMs. Topological quantum systems have become one of the most active research areas during the past decades [24, 25] . In particular the understanding of topological phases in strongly correlated quantum systems remains challenging. The study of symmetry protected topological (SPT) states has triggered a large progress in this field [26] . SPT phases have been classified by means of entanglement properties and group theoretical considerations [27] [28] [29] [30] [31] [32] . Indeed in onedimensional (1D) systems, SPT phases are the only realizable class of topological quantum states, a prominent example being the so-called Haldane phase of odd-integer spin chains [33, 34] . Generalizations of the Haldane phase have been theoretically studied in the context of ultracold gases [35] [36] [37] [38] [39] [40] .
Real or synthetic ladder-like lattices have recently constituted the focus of major efforts [41] [42] [43] in the context of the realization of static gauge fields in ultra-cold atomic systems. We show below that although in 1D spin-1/2 U(1) QLMs are topologically trivial, when implemented in ladder-like lattices these models present an intriguing ground-state phase diagram, which interestingly includes an SPT phase that we characterize using a generalized topological order parameter and the entanglement spectrum. We show that the SPT phase may be revealed by analyzing string spin correlations along the ladder legs. Moreover, we propose a simple scheme for the realization of the QLM based on s-p lattices [44] , showing that the SPT phase may be experimentally realized by adiabatic preparation.
Model.-We introduce a two-legs-ladder extension of the QLM, which we call quantum link ladder (QLL):
where Ψ i,j are staggered fermionic operators at rung i of leg j = 0 (upper) and 1 (lower), and J x (J y ) is the hopping along the legs (rungs). We define the A (B) sites as those with even (odd) i + j, which have on-site energy µ (−µ). In the analogy with QCD [1] , filled A sites correspond to particles and empty B sites to anti-particles, with µ acting as particle mass. The gauge field characterizing the bond between nearest-neighboring sites, is represented for the Abelian case by a spin-S operator [1] . We assume S = 1/2, and hence the gauge field is given by spin-1/2 operatorsS ± . 1D QLM.-We evaluate first the simplest and best understood case of a 1D QLM, which results by considering a single leg (j = 0) in Eq. (1). We consider only states that obey a local gauge symmetry (Gauss' law): 
, with ǫ i∈A = 0 and ǫ i∈B = 1 . In the large mass limit, |µ| ≫ J x we integrate out the particle motion, working for µ → −∞ in the manifold in which the A (B) sublattice is fully occupied (empty). In the 1D QLM, the ground-state is uniquely determined by Gauss's law, being a zero net flux (Z) phase [49] , in which filled A (empty B) sites are accompanied by outgoing (incoming) spins, |0 A ≡ | ← 1 → and |0 B ≡ | → 0 ← , where we employ the spin notation introduced in Fig. 1 .
For finite µ/J x , the Z phase presents defects: These rung states form an effective spin-1 system, which up to order J 4 x,y /µ 3 is determined by the Hamiltonian:
where we define in rung i the spin-1 operators R
4 |µ| 3 results from ring-exchange processes. For sufficiently large D/K > 0, i.e. J y /J x < 1, the phase in which all rungs are in |φ 0 is favored. This is similar to the large-D phase of spin-1 systems [52], or the Mott phase in Hubbard models. This phase corresponds to the vortex-antivortex (VA) configuration depicted in Fig. 1a . On the contrary for large D/K < 0, i.e. J y /J x > 1, a double-degenerate Néel-like phase | . . . φ + , φ − , φ + , φ − . . . is the ground-state, which is analogous to the density-wave phase found in extended Hubbard models. This phase corresponds to the configuration of Fig. 1b , characterized by vortices separated by a plaquette without vorticity (V0 phase).
Crucially the ring-exchange does not lead to a regular XY spin-exchange in Eq. (3), since due to Gauss' law only processes |φ 0 , φ 0 i,i+1 ↔ |φ − , φ + i,i+1 are allowed. As a result, whereas in the vicinity of D ≃ 0 a Haldane phase is expected for the spin-1 XY model with singleion anisotropy [52], we just observe for large µ a single phase transition between the VA and the V0 phase which is second-order due to the finite ring-exchange.
As for the 1D QLM we introduce for each leg the site magnetization
acterizes the rung spins, and L is the number of rungs. Note that Q = 1/2 in the defect-free VA phase, whereas Q = 3/2 in the defect-free V0 phase. Hence the VA-V0 transition (dashed line) in the large mass limit is characterized by an abrupt jump in the value of Q. For finite µ, Q significantly decreases within the VA phase when approaching the phase transition (deep blue region). This decrease is connected to the appearance of defects in the VA phase (|0
. Although the reduction of Q does not result into a phase transition [48] , the crossover within the VA phase is evident and heralds the appearance of the SPT phase discussed below.
From the site magnetization S Fig. 2 (b) ), marking the onset of an intermediate SPT phase. The SPT phase is characterized by the vanishing of all local order parameters that characterize the VA and V0 phases. The local density imbalance between the sub-lattices A and B ∆n c =
| and S R are non-zero in the VA phase and zero in the V0 one. Note that the fact that ∆n c = 0 in the VA phase implies a spontaneous symmetry breaking of the sub-lattice inversion symmetry. In contrast, S L = 0 in the V0 phase and zero in the VA one. In the SPT S L = S R = ∆n c = 0 (Fig. 2 (b) ).
As in the spin-1 Heisenberg model, the SPT phase is protected by a Z 2 × Z 2 symmetry given by the combined set of two orthogonal rotations [27, 30, 31] . We choose two transformations that leave H QLL invariant: (C) particle-hole inversion, Ψ i,j ↔ Ψ † i,j , at all sites accompanied by a spin rotation σ x in all bonds, with σ the Pauli matrices; and (R) Ψ i,j → −Ψ i,j for (i, j) ∈ A, and a rotation σ z in all bonds. Using these two transformations, and following Ref. [30] we obtain from an infinite matrix-product state representation of the ground state a generalized topological order parameter O T [48] . In the inset of Fig. 2 (c) we show O T as function of J y /J x for µ = 0. Whereas O T = 0 for the V0 and VA phases, O T = −1 in the SPT phase, confirming the topologically non-trivial character of the phase. Contrary to the large-D phase of spin-1 chains the VA phase does not display O T = +1 due to the mentioned spontaneous symmetry breaking of the sub-lattice symmetry. The topological character of the SPT phase is further confirmed by the doubly degenerate entanglement spectrum shown in Fig. 2 (c) [27, 31] .
Realization.-There have been numerous proposals for the realization of QLM models [11] [12] [13] [14] [15] [16] [17] 53 ]. Here we introduce a simple scheme (Fig. 3) , which allows for the dynamical realization of the 1D QLM and QLL, based on single-component fermions in an s-p lattice formed by deep (C) and shallow (A,B) sites similar to that realized in Ref. [44] . The lowest state of all C sites, which may be considered as fully pinned, remains filled at any point. We assume two non-degenerate p-orbitals, α = 1, 2, in the C sites; the energy splitting ∆ ′ between both orbitals may be achieved using elliptical sites (the third p orbital is assumed to have a much larger energy and can be neglected). Due to the superlattice modulation shallow sites A and B have an energy difference ∆. The Hamiltonian of the system is
where
, t denotes the hopping rate between the A (B) sites and the p-orbitals,
+ U , U is the interaction energy between the p-orbitals and the lowest state of the C sites, U 12 is the interaction between p orbitals, and E 0 is an energy off-set, which can be neglected without loss of generality. We assume t ∼ |∆ − ∆ ′ | ≪ U, ∆, ∆ ′ . The system is initially prepared with a single particle in the p orbitals. Due to energy conservation, we may limit ourselves to the manifold in which either α = 1 or 2 is occupied at a given C site. We may hence introduceS z k = ǫ(N k,2 − N k,1 )/2, where ǫ = 1 (−1) for C sites at the right (left) of A sites. The system then reduces to the 1D QLM with mass µ = (∆ − ∆ ′ )/2, and J x = t 2 U 12 /U (U + U 12 ) (for a comparison between Model (4) and the effective 1D QLM see Ref. [48] ). An identical scheme may be applied in the y direction to get a 2D QLM, where a possibly different hopping constant results in J y . The ladder configuration may be realized by decoupling the legs from the rest of the lattice using a sufficiently large energy barriers, as already realized experimentally [41] . We stress that within this setup the actual ground-state is generally not gauge invariant. However, once prepared the gauge-invariant manifold cannot be left within second-order processes due to energy conservation. This allows for the dynamical quasi-adiabatic preparation of QLM and QLL states, which we illustrate for the particularly relevant case of the SPT phase of the QLL.
The defect free VA phase is a product state that may be prepared by filling all B sites, keeping A sites empty, and filling the deepest and α = 1 state of C sites. Note that the preparation of this initial state fixes the boundary conditions of the QLL (grey spins in Fig. 1 ). Starting at large µ ≫ J x,y , non-trivial quantum many-body states may be prepared by a quasi-adiabatic decrease of the mass µ. Note in this sense that neither for the 1D nor for the ladder case a phase transition is encountered, and hence µ = 0 states may be prepared in a finite time without crossing a quantum critical point. In Fig. 4(b) we show for the case of J x = J y that a short ramping sequence (t R ∼ J x ) is sufficient to prepare quantum states at µ = 0 with properties very similar to the SPT state. Although due to the finite ramp the expectation values oscillate, these values are close to the ground-state expectation (dashed lines) showing O 2 P ≃ 0 but O 2 S > 0 as expected for the SPT phase. In contrast, a similar preparation for the 1D QLM (Fig. 4(a) ) results, as expected,
Summary.-We have shown that quantum link ladders present an intriguing phase diagram characterized by the appearance of a symmetry protected topological phase, which is revealed by a non-local spin string order along each of the ladder legs. We have discussed a simplified dynamical realization that permits the (quasi) adiabatic creation of the states of the quantum link models, and in particular the topological phase. Our results open intriguing questions about the possibility to observe similar phases and edge string-order in finite two-dimensional quantum-link lattices.
[51] States ± ∓ exist as well, and have a similar energy up to second-order as |φ±1 , but higher-order ring-exchange terms favor |φ±1 , and hence they are neglected in the discussion. Supplementary Material to "Hidden order and symmetry protected topological states in quantum link ladders" In this Supplementary Material we discuss additional details concerning the characterization of the ground-state phases and dynamics of the 1D QLM and the QLL discussed in the main text.
I. 1D QLM
A. Ground-state properties (4) of the main text agree accurately (note that due to numerical limitations we only follow the time evolution of the s-p model during a shorter time). In order to quantify the accuracy with Model (4) realizes an effective QLM we study the deviation from Gauss' law [3] . The parameter
measures the deviation of the occupation of particles on neighboring sites (∆ n = 0 for a perfect QLM realization). We furthermore analyze whether the p-orbitals form a spin 1/2, i.e. if precisely one p-orbital is occupied. To this aim we introduce
which is zero for a perfect QLM realization. For the parameters of Fig. 2 both ∆ n and ∆ b < 10 −2 (inset of Fig. 2 ). Hence, with the system initialized as a gauge invariant product state, Gauss' law can be fulfilled during a sufficiently long time evolution that allows for the observation of nontrivial O whereas O 2 S remains finite and only vanishes in the very limit of |µ| → ∞. Note that due to the broken inversion-, particle-hole-, and sublattice-symmetry, the SPT phase adiabatically connects to the VA phase.
A necessary property of SPT phases is the double degeneracy in the entanglement spectrum [4, 5] . In Fig. 3 we depict as well the entanglement gap ∆λ = i (−1) i λ i , where λ i is the ordered sequence of Schmidt eigenvalues. Only for µ = 0 this values vanishes. Figure 4 depicts the order parameters for a cut through the phase diagram of Fig. 2 (a) of the main text. We only observe one VA-to-V0 phase transition for J y ∼ J x , marked by the abrupt growth of the leg magnetization S L . In order to further characterize the transitions we analyze by means of density-matrix-renormalizationgroup (DMRG) [6, 7] calculations the fidelity susceptibil- 
with |Ψ 0 being the ground-state wave function. Marked peaks reveal the presence of two phase transitions for µ = 0, and a single one for µ = 0. The scaling of the peak maxχ F S (φ) with the system size is consistent with a second-order Ising-like character for all transitions.
B. Topological order parameter
We obtain the generalized topological order parameter following the procedure of Ref. [8] . From a canonical infinite matrix-product state (IMPS) representation of the ground state, |Ψ = σ ΛΓ σ |σ , we evaluate the eigenvalues η C,R of the generalized transfer matrices T C,R = κ C,R σσ ′ Γ σ Γ σ ′ , with κ C,R the unitary matrices of the symmetries C and R . From the corresponding eigenstates we obtain the projective matrix representation of the symmetries U R , U C . The generalized topological order parameter is given by 
